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1 Introduction

Let G be a Chevalley group. For a prime power q there is a formula for the
number of points of the group G(Fq), where Fq is the field of q elements. When
one replaces q in that formula by 1, one gets the number of points of the Cheval-
ley group of G. This and similar phenomena led J. Tits in [6] to ask for the
existence of a “field of one element” F1 such that G(F1) equals the Weyl group
of G.
To explain/extend the analogy between number fields and function fields, Y.
Manin asked in [4], if there exists a field F1 of one element, such that SpecZ
could be treated like a “curve” over F1.

The idea of the present approach is to treat the “extension” Z/F1 like a ring
extension. The forgetful functor, say, from Z-algebras (=rings) to F1-algebras
should then simply forget about Z-linearity, i.e., additivity. This makes the
category of F1-algebras the same as the category of abelian monoids and the
forgetful functor sends a ring R to its multiplicative monoid (R,×). Similar to
the case of ring extensions, this functor has a left adjoint “base change functor”
⊗Z which sends a monoid (always abelian in this note) A to the “group ring”
Z[A].

2 Schemes

To construct schemes, one starts with affine ones. For a monoid A an ideal is
a subset a of A such that aA ⊂ a. A prime ideal is an ideal p such that A − p
is a submonoid. The spectrum of A is the set of all prime ideal with the usual
Krull topology. It carries a canonical sheaf of monoids. A scheme over F1 is
a topological soace with a sheaf of monoids which locally looks like spectra of
monoids.
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The base change functor ⊗Z extends to a functor from F1-schemes to Z-schemes.
It turns out that integral schemes of finite type over F1 lead to toric varieties
over Z. It is an open question whether one can loose the integrality condition.

3 Zeta functions

Soulé [5], gave a definition of zeta functions over the field of one element F1.
We describe this definition as follows. Let X be a scheme of finite type over Z.
For a prime number p one sets after Weil,

ZX(p, T ) def
= exp

( ∞∑
n=1

Tn

n
#X(Fpn)

)
,

where Fpn denotes the field of pn elements. This is the local zeta function over
p, and the global zeta function of X is given as

ζX|Z(s) def
=

∏
p

ZX(p, p−s)−1.

Soulé considered in [5] the following condition: Suppose there exists a polyno-
mial N(x) with integer coefficients such that #X(Fpn) = N(pn) for every prime
p and every n ∈ N. Then ZX(p, p−s)−1 is a rational function in p and p−s. The
vanishing order at p = 1 is N(1). One may thus define

ζX|F1(s) = lim
p→1

ZX(p, p−s)−1

(p− 1)N(1)
.

One computes that if N(x) = a0 + a1x + · · ·+ anxn, then

ζX|F1(s) = sa0(s− 1)a1 · · · (s− n)an .

The natural question arising is whether schemes defined over F1 satisfy Soulé’s
condition. Simple examples show that this is not the case. However, schemes
defined over F1 satisfy a slightly weaker condition which serves the purpose of
defining F1-zeta functions as well, and which we give in the following theorem.

Theorem 3.1 Let X be a Z-scheme of finite type defined over F1. Then there
exists a natural number e and a polynomial N(x) with integer coefficients such
that for every prime power q one has

(q − 1, e) = 1 ⇒ #X(Fq) = N(q).

This condition determines the polynomial N uniquely (independent of the choice
of e). We call it the zeta-polynomial of X.
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4 K-theory

Based on the idea of Tits that GLn(F1) should be the permutation group Per(n),
Soulé also suggested that

Ki(F1) = πi(B(Per(∞))+),

which is known to coincide with the stable homotopy group of the spheres,
πs

i = limk→∞ πi+k(Sk). (The + refers to Quillen’s + construction.) More gen-
erally, for a monoid A, or an F1-ring FA, one has

GLn(A) = GLn(FA) = (A×)n o Per(n),

where A× is the group of units in A. Setting GL(A) = limn→∞GLn(A), one
lets

K+
i (A) = πi(BGL(A)+).

On the other hand, one considers the category P of all finitely generated pro-
jective modules over A and defines

KQ
i (A) = πi+1(BQP),

where Q means Quillen’s Q-construction. It turns out that π1(BQP) coincides
with the Grothendieck group K0(P) of P. If A is a group, these two definitions
of K-theory agree, but not in general.

A calculation shows, that if A is an abelian group, then

Ki(A) =

{
Z×A i = 0,

πs
i i > 0.

So, for general A, since one has K+(A) = K+(A×), this identity completely
computes K+. Furthermore, for every A one has a canonical homomorphism
K+

i (A) → KQ
i (A).

5 Cohomology

To define a meaningful cohomology theory over F1 which is not the same as
one gets after base change with Z, one has to develop a homological algebra
in categories without addition, but with a faithful base-chamge functor into
some abelian category. For the category of modules over an F1-scheme this can
be done, and one defines the derivatives of the global section functor in this
way. The cohomology objects are modules over the monoid of global sections
of the structure sheaf. This construction is compatible with base change to Z
and enjoys the usual properties. For example, cohomology can be computed
using flabby sheaves, cohomology vanishes above the dimension of a noetherian
scheme and for quasi-coherent schemes over affine schemes.
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